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NOTE ON THE NUMBER OF EDGES IN FAMILIES WITH
LINEAR UNION-COMPLEXITY
PIOTR MICEK AND ROM PINCHASI
Abstract. We give a simple argument showing that the number of edges in
the intersection graph G of a family of n sets in the plane with a linear union-
complexity is O(ω(G)n). In particular, we prove χ(G) 6 col(G) < 19ω(G) for
intersection graph G of a family of pseudo-discs, which improves a previous
bound.
1. Introduction
The maximum size of a clique, i.e., a set of pairwise adjacent vertices, in a
graph G is called the clique number of G and denoted by ω(G). A proper coloring
of a graph is an assignment of colors to the vertices of the graph such that no two
adjacent vertices are assigned the same color. The minimum number of colors
sufficient to color a graph G properly is called the chromatic number of G and
is denoted by χ(G). The coloring number of a graph G, denoted by col(G), is
a minimum integer k such that there is a linear order of vertices of G such that
each vertex has less than k backwards neighbors. Some authors prefer the notion
of degeneracy of G which is simply col(G)− 1. Clearly, ω(G) 6 χ(G) 6 col(G).
These three graph parameters can be arbitrarily far apart. Complete bipartite
graphs have chromatic number 2 and arbitrarily large coloring number. There
are various constructions of graphs that are triangle-free (have clique number
2) and still have arbitrarily large chromatic number. The first one was given in
1949 by Zykov [16], and the one perhaps best known is due to Mycielski [10].
In this paper, we restrict our attention to the relation between these three
parameters within intersection graphs of geometric objects in the plane. The
intersection graph of a family of sets F is the graph with vertex set F and edge
set consisting of all pairs of intersecting elements of F . With a slight abuse of
notation we identify the family F with its intersection graph and use terms such
as chromatic number and others referring directly to F .
The study of the chromatic number of families of geometric objects in the plane
was initiated in the seminal paper of Asplund and Gru¨nbaum [3], where they
proved that every family F of axis-aligned rectangles satisfies χ(F) 6 4ω(F)2−
3ω(F). This was later improved by Hendler [7] to χ(F) 6 3ω(F)2 − 2ω(F)− 1.
No construction of families of rectangles with χ superlinear in terms of ω is
known. On the other hand, Burling [4] showed that intersection graphs of axis-
aligned boxes in R3 with clique number 2 can have arbitrarily large chromatic
number.
More recently, Pawlik et al. [12] presented a construction of triangle-free fam-
ilies of segments in the plane with arbitrarily large chromatic number. Suk [15]
proved that families of unit-length segments in the plane have chromatic number
bounded by a double exponential function of their clique number.
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Kim, Kostochka and Nakprasit [9] showed that every family F of translates of
a fixed convex compact set satisfies col(F) 6 3ω(F) − 2 and presented families
of unit-discs witnessing that this bound is tight. They also proved that every
family F of homothetic (uniformly scaled) copies of a fixed convex compact set
in the plane satisfies col(F) 6 6ω(F) − 6. Finally, Aloupis et al. [2, Lemma 7]
showed that for every family F of pseudo-discs col(F) 6 48ω(F). We recall that
a family F of homothetic copies of a fixed convex compact set in the plane is a
special case of a family of pseudo-discs (see below).
In this paper we generalize the latter results. Let F be a family of geometric
sets in the plane. We assume that F is nice looking, that is every member in F
is bounded by a simple closed Jordan curve and all these curves are in general
position, i.e. any two of them cross only in finite number of points, where two
curves α, β are said to cross each other at a point, if α passes from one side of β
to the other at this point. Moreover, no two curves touch or overlap each other,
and no three curves pass through a common point. The union complexity of F
is the number of intersection points of boundaries of two (or more) objects in F
that lie on the boundary of the union of all objects in F . Equivalently, it is the
number of boundary segments of members in F composing the boundary of the
union of all members in F . The main contribution of this paper is the following
theorem.
Theorem 1. Let c > 0 be a constant and F be a nice family of sets in the plane
such that any subfamily F ′ ⊂ F has union complexity at most c|F ′|. Then the
intersection graph of F has at most(
(ce/2 + 1)ω(F)− 1)|F| edges.
Recall that a family F of nice sets is a family of pseudo-discs if the boundaries
of every two sets from F intersect in at most two points (i.e. in 0 or 2 points). It is
well known, as well as a good exercise to show, that a nice family of homothethic
copies of a fixed compact convex set is a family of pseudo-discs. Kedem et al.
[8] have shown that the union complexity of a family F of pseudo-discs, with
|F| > 3, is bounded by 6|F| − 12 and in fact this bound is best possible (see
Figure 1). For more examples of families with linear union complexity consult
the excellent survey paper [1].
Figure 1. On the left a family of pseudo-discs with clique num-
ber 3. On the right, a family of n = 7 pseudo-discs with union-
complexity 6n− 12.
Corollary 2. A family F of n pseudo-discs has at most ((3e + 1)ω(F) − 1)n
edges. Therefore
χ(F) 6 col(F) < (6e+ 2)ω(F) < 19ω(F).
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This improves the bound given in [2]. We remark that like the authors of [2]
we use probabilistic sampling technique which is usually attributed to Clarkson
and Shor [5].
Note that a bound on the number of edges in a family F of pseudo-discs in
terms of ω(F) can be derived from the following result of Fox and Pach in [6]: An
intersection graph of family of arc-connected sets in the plane with no subgraph
isomorphic to Kt,t has number of edges bounded in terms of t. However, the
bounding function, obtained this way in [6] is quadratic in ω(F).
In a parallelly developing manuscript, Pach and Walczak [11] consider families
F of nice-looking sets such that any subfamily F ′ ⊂ F has union complexity
o(|F ′|2). They also give a bound on the number of edges in F of the form
f(ω(F))|F| but, again, their bounding function f is very large.
Finally, note that one cannot hope for a similar bound, as in Corollary 2, on
the number of edges in the intersection graph of a family of pseudo-circles in the
plane. A family of pseudo-circles is a family of simple closed Jordan curves such
that any two intersect in at most two points. Indeed, one can easily represent any
complete bipartite graph as an intersection graph of pseudo-circles. Moreover,
Pawlik et al. [13] constructed triangle-free families of circles (or eg. axis-aligned
square frames) with arbitrarily large chromatic number.
In Section 2 we prove Theorem 1. In Section 3 we present partial result
towards improving the constant in Corollary 2.
The crucial point in the proof of Theorem 1 is to bound from above the number
of intersection points of boundaries of sets (pseudo-discs) from F that belong to
at most k sets (pseudo-discs) from F . Given a collection of pseudo-discs F , we
denote by g(F , k) the number of intersection points of two boundaries of sets in F
that are contained in at most k sets from F . Notice that the result in [8] implies
g(F , 2) 6 6n − 12 for every collection F of pseudo-discs. This bound is best
possible. It will follow from the proof of Theorem 1 that g(F , k) 6 3ekn. This
answer is most likely not best possible in terms of the multiplicative constant.
It is not hard to see that O(kn) is indeed the correct order of magnitude for
this question. The fight is for the multiplicative constant in front of the term
kn. Improving this constant will directly improve the multiplicative constant in
Corollary 2 and in the best case it can possibly match and even improve the
bound for the special case of a family F of homothetic copies of a fixed convex
compact set in the plane studied in [9]. Because improving a multiplicative
constant that is already not very far from optimal can be a very delicate issue,
we will be interested at this point only in tight bounds that we can derive (for
some restricted cases). In the next theorem we obtain a tight upper bound
on g(F , k) in the special case where F is a family of pseudo-discs containing a
common point.
Theorem 3. Let F be a family of n pseudo-discs all containing a common point
O in their interior. Then for every k we have g(F , k) 6 2(k − 1)n.
2. Proof of Theorem 1
Let |F| = n. Let Z be the set of intersection points of boundaries of sets in
F . We first aim to give an upper bound for |Z|.
Pick every member in F with probability p, to be determined later. Denote
by F∗ the family of those sets in F that were picked and let n∗ = |F∗|. Let
S∗ denote the random variable which is the number of intersection points on
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the boundary of the union of the sets in F∗. By our assumption on the union-
complexity of subfamilies of F we have S∗ 6 cn∗. Taking expectations we get
E(S∗) 6 E(cn∗) = cpn.
In order to estimate E(S∗) from below consider an intersection point x ∈ Z
of the boundaries of two sets A and B in F . Observe that x belongs to the
boundary of the union of the sets in F ∗ if and only if both A and B were picked
to be in F∗ and every other set in F that contains x was not picked. Clearly,
the number of those sets in F , different from A and from B, that contain x is
at most ω(F)− 2. Therefore, x appears on the boundary of the union of all sets
in F∗ with probability of at least p2(1− p)ω(F)−2. This gives us a lower bound
|Z|p2(1− p)ω(F)−2 6 E(S∗). Hence
|Z|p2(1− p)ω(F)−2 6 cpn.
We take p = 1ω(F) to obtain |Z| 6 ceω(F)n, where e denotes the basis of the
natural logarithm. Because every two boundaries of sets in F intersect zero or
two times, we conclude that the number of those pairs in F whose boundaries
intersect is at most ce2 ω(F)n.
Notice that if two sets in F intersect, then either their boundaries intersect
or one of them is contained in the other. Clearly, every set in F is contained in
at most ω(F) − 1 other sets from F . Thus, there can be at most (ω(F) − 1)n
intersections of sets from F with one set being contained in the other. Now when
two boundaries of sets from F intersect by the fact that F is nice we know that
they intersect in at least two points. It follows that the intersection graph of F
consists of at most (( ce2 + 1)w(F)− 1)n edges.
3. Towards improving the constant in Theorem 1 for pseudo-discs
Proof of Theorem 3. By a result of Snoeyink and Hershberger [14], any family
of pseudo-circles surrounding a common point can be swept by a ray. In other
words, it can be realized as a family of 2-intersecting bi-infinite x-monotone
curves (see [9] for the formal definition of a sweeping) and this can be done by
a one to one continuous transformation of the plane, after we identify the two
ends at infinity of each curve.
Hence, Theorem 3 will follow from the following equivalent theorem. We
recall that a family of pseudo-parabolas is a family of bi-infinite x-monotone
curves every two of which intersect in at most two points. A collection of graphs
of quadratic polynomials is a natural example for such a family.
Theorem 4. Let F be a family of n pseudo-parabolas in the plane. Then the
numbers of intersection points of two curves in F that lie strictly above at most
k − 2 other curves in F is bounded from above by 2(k − 1)n.
Proof. Consider an intersection point X of two curves p1 and p2 in F that lies
above at most k− 2 curves from F . Without loss of generality assume that in a
small neighborhood to the left of X the curve p2 lies above p1 (and consequently
p1 lies above p2 in a small neighborhood to the right of X).
If X is the leftmost intersection point of p1 and p2, then we charge X to p2
and we say that this charging is colored red. If X is not the leftmost intersection
point of p1 and p2 (recall that any two curves in F intersect at most twice), then
we charge X to p1 and we say that this charging is colored blue.
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Claim 3.1. No curve in F can be charged more than k − 1 times in charging
that is colored red.
Proof. Assume to the contrary that a curve p in F is charged at least k times
with a red charging. Let X1, X2, . . . , Xk denote the k leftmost intersection points
on p that charged p with a red charging, indexed from leftmost to rightmost. Let
p1, . . . , pk denote those curves in F that intersect p at X1, . . . , Xk, respectively.
By the definition of a red charging, for every 1 6 j 6 k the curve p lies above
the curve pj at any place to the left of Xj . This is because Xj is the leftmost
intersection point of pj and p and in a small neighborhood to the left of Xj the
curve p lies above pj . In particular, the point X1 lies above all the k − 1 curves
p2, . . . , pk which is a contradiction.
Similar to Claim 3.1 we have have the following observation whose proof we
omit:
Claim 3.2. No curve in F can be charged more than k − 1 times in charging
that is colored blue.
It follows from Claim 3.1 and Claim 3.2 that there are at most 2(k − 1)n
intersection points of curves in F that lie strictly above at most k − 2 curves of
F .
Remark. The bound in Theorems 3 and 4 can indeed be attained up to a
constant additive term that does not depend on n. Consider for instance k − 1
distinct parallel lines `1, . . . , `k−1 all of the form `i = {y = yi} for 0 < yi < 1/4.
Let p1, . . . , pn−k+1 be the parabolas defined by pi = {y = (x−i)2}. Let F consist
of the n curves `1, . . . , `k−1 and p1, . . . , pn−k+1. Each of the curves pi intersects
the lines `1, . . . , `k−1 at 2(k − 1) intersection points each of which lies above at
most k− 2 curves of F , that is `1, . . . , `k−2 (see Figure 2). This gives a count of
2(k − 1)(n− k + 1) such points.
Figure 2. Example for k = 4 and n = 7. Family contains
2(k−1)(n−k+1) intersection points above at most k−2 curves.
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